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a b s t r a c t

Theoretical equations of the Faradaic impedance of the photoelectrode and the counter electrode of dye-
sensitized solar cell (DSC) were derived. The Faradaic impedance is the frequency dependent resistance
related to the time constants of elementary electrode processes like photoexcitation, electron transfer,
charge transfer reaction and diffusion. The typical cell impedance spectrum describes the locus of three
semicircles on the Nyquist plane. The locus of three semicircles is generally analyzed by using the equiv-
alent circuit composed of charge transfer resistance (Rct,1) and capacitance (Cdl,1) of counter electrode,
charge transfer resistance (Rct,2) and capacitance (Cdl,2) of photoelectrode, the finite diffusion impedance
due to the diffusion of I3

− on the counter electrode (Zw), and total resistance of the substrate and solution
harge transfer resistance
urrent–voltage curve

(Rs). The physical meanings of Rct,1 and Rct,2 can be elucidated by the interpretations of Faradaic impedance
derived in the present paper. The Rct,1 is represented as the function of the potential-dependent rate con-
stants of I3

− reduction and I− oxidation. On the other hand, the Rct,2 is the function of the photoelectrode
potential, the surface concentration of I3

− and the potential-independent rate constant of the back elec-
tron transfer reaction. The theoretical expressions of the current–voltage (I–V) curve of the DSC can be

nt pa
also derived. In the prese
discussed.

. Introduction

Dye-sensitized solar cell (DSC) is expected to be energy device in
he next generation because of various advantages such as simple

anufacturing process, low cost and low environmental loading
1–3]. Recently, it was reported that any compact cells achieved
lectrical energy conversion efficiencies of more than 10% [4–6].
he modularization technology has been also developed. Toyoda
t al. [7] fabricated large scale DSC modules with glass substrate,
nd indicated that the modules have the long term stability for
half year. Ikegami et al. [8] reported that a plastic DSC module
aintained its high conversion efficiency under the accelerated

ondition of 55 ◦C and 95% relative humidity.
Typical DSC is composed of three parts shown as follows [9].

1) Photoelectrode (anode) which consists of a porous TiO2 film
with adsorbed dye and the fluorine-doped SnO2 (FTO) sub-
strate.
2) Organic electrolyte solution containing redox couples such as
iodide ions (I−)/triiodide ions (I3−).

3) Pt or carbon counter electrode (cathode).

∗ Corresponding author. Tel.: +81 4 7122 9492; fax: +81 4 7123 9890.
E-mail address: itagaki@rs.noda.tus.ac.jp (M. Itagaki).

378-7753/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
oi:10.1016/j.jpowsour.2010.04.014
per, the relations between the impedance and I–V curve of the DSC are

© 2010 Elsevier B.V. All rights reserved.

During the illumination of the cell, electrons are injected from
the photoexcited dye into TiO2 film and diffuse in the TiO2 con-
duction band. These electrons pass through FTO substrate and then
through the external circuit. At the same time, the oxidized dye,
which is generated by the photooxidation reaction, is reduced by
charge transfer reaction with I−. I3− is fomed by the charge transfer
reaction on the photoelectrode and diffuses to the counter elec-
trode where I3− is reduced back to I−. Since the electrons circulate
through the cell, the light energy is converted into the electrical
energy.

Charge recombination, which is the major factor that limits the
cell performance, is also occurred at the photoelectrode interface.
For example, the electron injected in the TiO2 film may recombine
with oxidized dye and react with I3− [10].

The analysis of the reaction processes in the DSC is very impor-
tant for the characteristic improvement of the cell. Therefore,
reaction processes of DSC have been investigated by using elec-
trochemical impedance spectroscopy (EIS) as well as intensity
modulated photocurrent spectroscopy (IMPS) [11,12] and intensity
modulated photovoltage spectroscopy (IMVS) [12,13]. EIS is one of
the nondestructive methods measuring the current response to the
application of sinusoidal AC voltage at various frequencies. The EIS

can discriminate the charge transfer that is fast reaction process
and diffusion that is slow process by the discrimination of their
time constants. Therefore, EIS is applicable to various fields such
as corrosion, electroplating, secondary battery and electrochemical
capacitor [14–17].

http://www.sciencedirect.com/science/journal/03787753
http://www.elsevier.com/locate/jpowsour
mailto:itagaki@rs.noda.tus.ac.jp
dx.doi.org/10.1016/j.jpowsour.2010.04.014
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Nomenclature

b3 [V−1] Tafel constant of k3
b−3 [V−1] Tafel constant of k−3
cI3

−,a [mol cm−3] concentration of I3− on photoelectrode
cI−,a [mol cm−3] concentration of I− on photoelectrode
c∗

I3
−,a

[mol cm−3] bulk concentration of I3− on photoelec-

trode
c∗

I−,a
[mol cm−3] bulk concentration of I− on photoelectrode

c̄I3
−,a [mol cm−3] steady-state value of cI3

− on photoelec-
trode

c̄I−,a [mol cm−3] steady-state value of cI− on photoelectrode
cI3

−,c [mol cm−3] concentration of I3− on counter electrode
cI−,c [mol cm−3] concentration of I− on counter electrode
c∗

I3
−,c

[mol cm−3] bulk concentration of I3− on counter elec-

trode
c∗

I−,c
[mol cm−3] bulk concentration of I− on counter elec-

trode
c̄I3

−,c [mol cm−3] steady-state values of cI3
− on counter elec-

trode
c̄I−,c [mol cm−3] steady-state values of cI− on counter elec-

trode
c0 [cm s−1] light speed
C1 [F cm−2] capacitance of counter electrode
C2 [F cm−2] capacitance of photoelectrode
Cdl,a [F cm−2] electric double layer capacitance of photoelec-

trode
Cdl,c [F cm−2] electric double layer capacitance of counter

electrode
DI3

− [cm2 s−1] diffusion coefficient of I3−

DI− [cm2 s−1] Diffusion coefficient of I−

Ea [V] conduction band energy level in semiconductor
bulk

Ec [V] potential of counter electrode
Eeq [V] equilibrium potential of counter electrode
Efb [V] flat band potential of photoelectrode
Es(�) [J] light intensity at � under the reference solar spectral

irradiance
E� [J] energy per one photon at �
�E [V cm−1] electric field in space charge layer
F [C mol−1] Faraday constant
G [mol cm−2 s−1] electron excitation rate under light illumi-

nation of photoelectrode
G0 [mol cm−2 s−1] electron excitation rate under light illu-

mination of photoelectrode without oxidized dye
h [J s] Planck constant
h1 [cm] reaction layer thickness of electrochemical reac-

tions on photoelectrode
h2 [cm] thickness of TiO2 film surface layer
h3 [cm] reaction layer thickness of electrochemical reac-

tions on counter electrode
I [A cm−2] current density
I0 (�) [mol cm−3] light intensity at single wavelength of pho-

ton
JI3−,a [mol cm−2 s−1] flux of I3− on photoelectrode
JI−,a [mol cm−2 s−1] flux of I− on photoelectrode
JI3−,c [mol cm−2 s−1] flux of I3− on counter electrode
JI−,c [mol cm−2 s−1] flux of I3− on counter electrode
k1 [cm7 mol−2 s−1] rate constant of oxidation of I− on pho-

toelectrode

k2 [cm4 mol−1 s−1] rate constant of reduction of I3− on pho-
toelectrode

k3 [cm s−1] potential-dependent rate constant on counter
electrode

k−3 [cm7 mol−2 s−1] potential-dependent rate constant on
counter electrode

k3
′
[cm s−1] rate constant (Ec = 0)

k−3
′
[cm7 mol−2 s−1] rate constant (Ec = 0)

n0 [mol cm−2] surface concentration of adsorbed dye
ns [mol cm−3] electron density in TiO2 film
ns [mol cm−3] Steady-state values of ns

NA [mol−1] Avogadro’s number
ND [cm−3] donor density
N0 [mol cm−3] electron density in TiO2 film at Voc = 0
q [C] elementary charge
R [J K−1 mol−1] gas constant
Rct,1 [� cm−2] charge transfer resistance of counter electrode
Rct,2 [� cm−2] charge transfer resistance of photoelectrode
Rp [� cm−2] polarization resistance of cell impedance
Rs [� cm−2] total resistance of substrate and solution
Rh,a [� cm−2] high frequency limit of ZF,a
Rh,c [� cm−2] high frequency limit of ZF,c
Rm,a [� cm−2] resistance of the intersection point on the real

axis of ZF,a in middle frequency range
Rl,a [� cm−2] low frequency limit of ZF,a
Rl,c [� cm−2] low frequency limit of ZF,c
Rdiff,a [� cm−2] diffusion resistance of photoelectrode
Rdiff,c [� cm−2] diffusion resistance of counter electrode
T [K] absolute temperature
v1 [mol cm−2 s−1] oxidation rate of I−

v2 [mol cm−2 s−1] reduction rate of I3−

Voc [V] open circuit voltage
W [cm] thickness of space charge layer
Za [� cm−2] impedances of photoelectrode
Zc [� cm−2] impedances of counter electrode
ZDSC [� cm−2] cell impedance
ZF,a [� cm−2] Faradaic impedance of photoelectrode
ZF,c [� cm−2] Faradaic impedance of counter electrode
Zw [� cm−2] finite diffusion impedance
˛abs(�) [cm−1] absorption coefficient of the dye at �
ıa [cm] diffusion layer thickness on photoelectrode
ıc [cm] diffusion layer thickness on counter electrode
� effective permeability of light of photoelectrode
�a [V] overvoltage at I of photoelectrode
�c [V] overvoltage at I of counter electrode
�s [F cm−1] dielectric constant
� [cm] wavelength of photon
� [cm2 V−1 s−1] electron mobility in TiO2 film
� ratio of the oxidized dye
� steady-state values of �
	h,a [s] time constant of semicircle of ZF,a in high frequency

range
	l,a [s] time constant of finite diffusion impedance of ZF,a
	l,c [s] time constant of finite diffusion impedance of ZF,c
	semi,a [s] time constant of semicircle of Za
	semi,c [s] time constant of semicircle of Zc

ω [s−1] angular frequency

EIS have also been used for analyses on DSC [8,9,12,18–104]. The

characteristics of DSC [8,9,18–35], photoelectrode [5,12,36–67],
counter electrode [68–79], electrolyte [80–98], substrate
[70,99–104] and degradation process [8,9,27,30–32,76] are
investigated by EIS. Hoshikawa et al. [19,21] measured three
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mpedance spectra of photoelectrode, counter electrode and DSC
y using a reference electrode inserted directly into the DSC. Typi-
al electrochemical impedance of DSC describes three semicircles
n the Nyquist plane [9]. It was reported that the three semicircles
ere attributed to the redox reaction at the electrolyte/counter

lectrode interface (high frequency region), the charge transfer
eaction at the TiO2/electrolyte interface (middle frequency region)
nd electrolyte diffusion (low frequency region) [12].

Fig. 1 shows five equivalent circuits which have been proposed
or impedance analyses of DSC. The equivalent circuit in Fig. 1(a)
s composed of five parameters as follows: total resistance of the
ubstrate and solution (Rs), charge transfer resistance (Rct,1) and
apacitance (C1) of counter electrode, charge transfer resistance
Rct,2) and capacitance (C2) of photoelectrode and the diffusion
mpedance of I3− on the counter electrode (Zw) [35,53,77,98]. The
quivalent circuit in Fig. 1(b) is composed of the contact resistance
f FTO/TiO2 interface (RFTO/TiO2

) and the capacitance of this inter-
ace (CFTO/TiO2

) in addition to that in Fig. 1(a) [34]. Grätzel et al.
9,29] suggested the equivalent circuit shown in Fig. 1(c). Ze is a
iffusion element at the TiO2/electrolyte interface [9]. The equiva-

ent circuits shown in Fig. 1(b) and (c) might be able to explore the
haracteristics of DSC in detail by comparing with that shown in
ig. 1(a). As above-mentioned, three semicircles are often observed
n the Nyquist plots of the typical experimental results of EIS. In
his case, all parameters of the equivalent circuits in Fig. 1(b) and
c) could not be decided by curve-fitting. In Fig. 1(d), transmis-
ion line model (TLM) is introduced in the equivalent circuit. The
umped constant equivalent circuit cannot be used for the curve-
tting of impedance spectra when the current distribution occurs
nside the pore of porous electrode. The TLM is well known to
resent the electrochemical property of porous electrode. Some
esearchers investigated the current distribution in the porous TiO2
lectrodes by using the equivalent circuit shown in Fig. 1(d) [80].
an et al. [18] proposed the equivalent circuit shown in Fig. 1(e) in

Fig. 1. Equivalent circuits of D
urces 195 (2010) 6905–6923 6907

which a diode element and a shunt resistance are included. They
claimed that the resistance element related to charge transport at
the TiO2/dye/electrolyte interface displays behavior like that of a
diode, and that the series resistance element corresponds to the
sum of the other resistance elements.

The theoretical calculations of impedance for DSC are also
reported [12,25,36,37,40,41]. Many of them are derived from the
fact that diffusion of the electrons in the conduction band of
TiO2 obeys Fick’s second law. Bisquert [37] derived the theoretical
impedance formula based on the following three assumptions: (1)
electrons diffuse in the TiO2 film, (2) there is not trap level in TiO2
and (3) charge recombination reaction is first-order reaction. On
the other hand, Kern et al. [12] derived the theoretical impedance
formula based on the following three assumptions: (1) light illu-
mination provides the generation of electrons injected into the
conduction band of TiO2 due to the sensitization by the dye, (2)
only a single trap level is assumed and the rate constant for the
trapping of the conduction band electrons is much faster than the
rate constant for the detrapping of the electrons, and (3) the recom-
bination rate of the trapped electrons with I3 is second order. Adach
et al. [25] found that the identical equation was derived from two
different impedance models which are proposed by Kern et al. [12]
and Bisquert [37] under specific assumptions. In addition, Adach et
al. [25] discussed the reason why these two different impedance
formula are attributed to the identical equation. However, these
theoretical analyses [12,25,36,37,40,41] suffer at least two disad-
vantages: one is that the redox reaction of the electrolyte such as
I−/I3− is not considered on the photoelectrode, and the other is
that the effect of light intensity is not reflected on the impedance
SC reported previously.

spectra.
Ferber et al. [105] presented a theoretical model for

current–voltage (I–V) curve simulation of DSC. They considered
the redox reaction of the electrolyte and electron transfer to the
TiO2 conduction band in the theoretical model. This model can
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alculate the conversion efficiency of the theoretical DSC. Tanaka
106] applied the theoretical model proposed by Ferber et al. [105]
o the investigation of a TiO2/organic dye/organic hole-conductor
ype DSC. Meanwhile, these models have not been extended to the
mpedance simulation.

In the present study, we introduced a theoretical model for EIS
nd I–V curve simulations. We derived the equations of Faradaic
mpedance of a photoelectrode and a counter electrode. In addition,
he simulations of cell impedance and I–V curve of the DSC were
lso performed testing the new theories proposed in the present
aper.

. Theory

The present model of the DSC is composed of three parts as
ollows:

a) Photoelectrode (anode) which consists of a TiO2 semiconduc-
tor film with adsorbed dye on the fluorine-doped SnO2 (FTO)
substrate.

b) Electrolyte solution containing I− and I3−.
c) Counter electrode (cathode).

.1. Theoretical model of photoelectrode

Fig. 2 shows the theoretical model of the photoelectrode. The
orizontal solid line in the TiO2 film represents the conduction band
nergy level. Schottky barrier is formed at the TiO2 film/electrolyte
olution interface. The space charge layer of the thickness W is
ormed in the TiO2 film at electrolyte side. Potential gradient (band
ending) exists in the space charge layer. The potential of the pho-
oelectrode Ea is defined as the conduction band energy level in the
emiconductor bulk. Efb is the flat band potential of the photoelec-
rode.

During the illumination of the photoelectrode, electrons in the
ye are photoexcited from the highest occupied molecular orbital

HOMO) to the lowest unoccupied molecular orbital (LUMO). The
xcited electrons are injected into the conduction band of the TiO2
lm, and then migrate in the space charge layer by the electric field
randient. In this process, the dye is oxidized.

Fig. 2. Scheme to present the processes of photoelectrode.
urces 195 (2010) 6905–6923

The oxidized dye is reduced by the reaction with I−. I− is oxidized
to I3− by the following reaction.

3I− → I3
− + 2e− (1)

I3− diffuses to the bulk solution or reacts with electron injected into
the TiO2 film surface layer by the back electron transfer reaction in
Eq. (2).

I3
− + 2e− → 3I− (2)

2.2. Faradaic impedance of photoelectrode

Faradaic impedance is derived under following assumptions.

(A) Excitation and recombination of the electron do not occur in
the semiconductor bulk.

(B) The chemicals excepting I3− do not react with the photoexcited
electron on the TiO2 film surface.

(C) The electron excitation rate depends on the light intensity and
the oxidant/reductant ratio of the dye.

(D) The all electrons excited to LUMO are injected into the TiO2 film
surface layer.

(E) The potential difference between the redox potential of I−/I3−

and LUMO does not change.
(F) The redox potential of I−/I3− and Efb does not change in the

alternating potential signal.
(G) No intermolecular interactions exist.

Firstly, the mass balance equations for four parameters are
derived. The four parameters are as follows: the concentration of
I− on the photoelectrode (cI−,a [mol cm−3]), the concentration of
I3− on the photoelectrode (cI3

−,a [mol cm−3]), the ratio of the oxi-
dized dye (�), and the electron density in the TiO2 film surface layer
(ns [mol cm−3]). In the present paper, the concentrations of I− and
I3− are used instead of the activities of them since intermolecular
interactions are not considered in this model. It is noted that the
value of the � takes from 0 to 1.

The mass balance of cI3
−,a is written as:

h1
dcI3

−,a

dt
= v1 − v2 − JI3−,a = k1c3

I−,a
�2 − k2nscI3

−,a − JI3−,a, (3)

where v1 [mol cm−2 s−1] is the rate of oxidation of I− (Eq. (1)),
v2 [mol cm−2 s−1] is the rate of reduction of I3− (Eq. (2)), JI3−,a

[mol cm−2 s−1] is the flux of I3−, k1 [cm7 mol−2 s−1] is the rate
constant of the oxidation of I− and k2 [cm4 mol−1 s−1] is the
rate constant of the reduction of I3−. The k1 and k2 are nor-
mally potential-dependent rate constants in a Faradaic impedance
simulation because these reactions are electrochemical processes.
However, the k1 and k2 can be dealt with potential-independent
rate constant in this study since it is assumed that the redox poten-
tial of I−/I3− and Efb take constant values. In addition, h1 is the
thickness of the reaction layer of the electrochemical reactions in
Eqs. (1) and (2) on the photoelectrode.

The mass balance of cI−,a is written as:

h1
dcI−,a

dt
= − 3v1+3v2−JI−,a= − 3k1c3

I−,a
�2+3k2nscI3

−,a − JI−,a, (4)

where JI−,a [mol cm−2 s−1] is the flux of the I−.
The ratio of oxidized dye � increases with the light illumination

and decreases with the oxidation of I− in Eq. (1). The mass balance
of � is described as:
n0
d�

dt
= G − 2v1 = (1 − �)G0 − 2k1c3

I−,a
�2, (5)

where n0 [mol cm−2] is surface concentration of the adsorbed dye.
G [mol cm−2 s−1] is the electron excitation rate under light illu-
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ination to the photoelectrode. G0 [mol cm−2 s−1] is defined as
he electron excitation rate under light illumination without the
xidized dye (� = 0).

The ns increases with the increase of the excited electron by the
ight illumination. The ns decreases with the back electron transfer
eaction and migration to the TiO2 bulk. Therefore, the mass balance
f ns is represented as:

2
dns

dt
= G − 2v2 − (migration rate) = (1 − �)G0 − 2k2nscI3

−,a

− ns��E, (6)

here h2 [cm] is the thickness of TiO2 film surface layer, �
cm2 V−1 s−1] is the electron mobility in the TiO2 film and �E is the
lectric field in the space charge layer.

The electric field �E is represented as (see Appendix A):

� =
√

2qND(Ea − Efb)
�s

, (7)

here q [C] is the elementary charge, ND [cm−3] is the donor density
nd �s [F cm−1] is the dielectric constant.

From Eqs. (4)–(7), the mass balances of cI− , cI3
− , � and ns at the

teady-state are represented by Eqs. (8)–(11). The steady-state of

I− , cI3
− , � and ns are symbolized as c̄I3

−,a, c̄I−,a, � and ns. The JI−,a
nd JI3−,a obey the Fick’s first law.

3k1c̄3
I−,a

�̄2 + 3k2n̄sc̄I3
−,a +

DI− (c∗
I−,a

− c̄I−,a)

ıa
= 0 (8)

1c̄3
I−,a

�̄2 − k2n̄sc̄I3
−,a +

DI3
− (c∗

I3
−,a

− c̄I3
−,a)

ıa
= 0 (9)

1 − �̄)G0 − 2k1c̄3
I−,a

�̄2 = 0 (10)

1 − �̄)G0 − 2k2n̄sc̄I3
−,a − n̄s�

√
2qND(Ea − Efb)

�s
= 0 (11)

In Eqs. (8) and (9), DI− [cm2 s−1] and DI3
− [cm2 s−1] are diffusion

oefficients of the I− and I3−, respectively, c∗
I−,a

and c∗
I3

−,a
are the

ulk concentrations of I− and I3−, respectively.
By the transformations of Eqs. (8)–(11), it is found that the rela-

ions of the c̄I3
−,a, c̄I−,a, � and ns are correlated by the seventh order

quations. In this case, the accurate values of c̄I3
−,a, c̄I−,a, � and ns

ould not be calculated since the no formula exists to resolve the
eventh order equations according to Abel-Ruffuni’s theorem [107].
n this study, the approximate values of c̄I3

−,a, c̄I−,a, � and ns are
stimated by using the Newton–Raphson method (see Appendix
) [108].

The charge balance of the photoelectrode is considered. The cur-
ent density I of the photoelectrode is proportionate to the flux of
he electrons which migrate in the space charge layer (Eq. (12))
109].

= Fns��E (12)

In Eq. (12), F [C mol−1] is the Faraday constant.
The following equation is derived from Eq. (12) by Talyor series

xpansion with neglecting higher order terms than second order
ne. (√ √ )

I = F�

2qND(Ea − Efb)
�s

�ns + n̄s

2
2qND

�s(Ea − Efb)
�Ea (13)

Moreover, the Faradaic impedance ZF,a is determined by divid-
ng both sides of Eq. (13) by the variation of the photoelectrode
urces 195 (2010) 6905–6923 6909

potential �Ea.

1
ZF,a

= �I

�Ea
= F�

(√
2qND(Ea − Efb)

�s

�ns

�Ea
+ n̄s

2

√
2qND

�s(Ea − Efb)

)
(14)

From Eq. (14), ZF,a is obtained as a function of �ns/�Ea which can
be derived as following processes.

Eq. (15) is derived from Eq. (3) by Taylor series expansion.

h1
d�cI−,a

dt
= −6k1c̄3

I−,a
�̄�� − 9k1c̄2

I−,a�̄2�cI−,a + 3k2c̄I3
−,a�ns

+ 3k2n̄s�cI3
−,a − �JI−,a (15)

Eq. (16) can be obtained from Eq. (15) by Fourier transformation
and dividing both sides of Eq. (15) by �Ea.(

jωh1 + 9k1c̄2
I−,a�̄2 + �JI−,a

�cI−,a

)
�cI−,a

�Ea

= −6k1c̄3
I−,a

�̄
��

�Ea
+ 3k2c̄I3

−,a
�ns

�Ea
+ 3k2n̄s

�cI3
−,a

�Ea
(16)

In Eq. (16), j is the unit of imaginary number and ω is the angular
frequency.

Moreover, the following equations are derived from Eqs. (4)–(6)
by same calculation procedure.(

jωh1 + k2n̄s +
�JI3−,a

�cI3
−,a

)
�cI3

−,a

�Ea

= 2k1c̄3
I−,a

�̄
��

�Ea
− k2c̄I3

−,a
�ns

�Ea
+ 3k1c̄2

I−,a�̄2 �cI−,a

�Ea
(17)

(jωn0 + 4k1c̄3
I3

−,a
�̄ + G0)

��

�Ea
= −6k1c̄2

I−,a�̄2 �cI−,a

�Ea
(18)

(
jωh2 + 2k2c̄I3

−,a + �

√
2qND(Ea − Efb)

�s

)
�ns

�Ea

= −G0
��

�Ea
− 2k2n̄s

�cI3
−,a

�Ea
− �n̄s

2

√
2qND

�s(Ea − Efb)
(19)

The diffusion of I− from the bulk solution to the interface of
electrode is governed by Fick’s second law.

∂cI−,a

∂t
= DI−

∂2cI−,a

∂x2
(20)

In Eq. (20), x is the distance from the electrode surface to the
solution bulk. The following equation is derived from Eq. (20) by
Taylor series expansion and Fourier transformation.

jω�cI−,a = DI−
∂2�cI−,a

∂x2
(21)

The general solution for Eq. (21) is:{ ( )1/2
} { ( )1/2

}

�cI−,a = K exp x

jω

DI−
+ L exp −x

jω

DI−
, (22)

where K and L are constants. Because the concentration of I− is con-
stant in the bulk of solution, the boundary condition is cI−,a = 0
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t x = ıa, where ıa represents the diffusion layer thickness. By sub-
tituting the boundary condition into Eq. (22), Eq. (23) is obtained.

= −L exp

{
−2ıa

(
jω

DI−

)1/2
}

(23)

By substituting Eq. (23) into Eq. (22):

�cI−,a = 2L(jωDI− )1/2 exp

{
−ıa

(
jω

DI−

)1/2
}

sinh

{
(x − ıa)

(
jω

DI−

)1/2
}

, (24)

s obtained. From Fick’s first law,

�JI−,a = −DI−

∣∣∣∣∂�cI−,a

∂x

∣∣∣∣
x=0

= 2L(jωDI− )1/2 exp

{
−ıa

(
jω

DI−

)1/2
}

coth

{
−ıa

(
jω

DI−

)1/2
}

(25)

The following relation is derived from Eqs. (24) and (25).

�cI−,a

�JI−,a
= (jωDI− )−1/2 tanh

{
ıa

(
jω

DI−

)1/2
}

(26)

The following equation is also derived by same calculation pro-
edure.

�cI3
−,a

�JI3−,a
= (jωDI3

− )−1/2 tanh

{
ıa

(
jω

DI3
−

)1/2
}

(27)

The �ns/�Ea is obtained as follows.

�ns

�Ea
= W1

W2
(28)

In Eq. (28), W1 and W2 are represented by the following equa-
ions.

1 =
(

4k1c̄3
I−,a

�̄W3W4+(G0+jωn0)

(
9k1c̄2

I−,a�
2
(

�JI3−,a

�cI3
−,a

+jωh1

)

+ W3W4

))
�n̄s

2

√
2qND

�s(Ea − Efb)
(29)

2 = −4k1c̄3
I−,a

�̄W3

(
W5 +

�JI3−,a

�cI3
−,a

W6 + jωW7

)

− G0

(
9k1c̄2

I−,a�
2
(

�JI3−,a

�cI3
−,a

+ jωh1

)(
�

√
2qND(Ea − Efb)

�s
+

− jωn0

(
9k1c̄2

I−,a�̄2W6

(
�JI3−,a

�cI3
−,a

+ jωh1

)
+ W3

(
W5 +

�JI3
�cI3

In Eqs. (29) and (30), W3–W7 are:

3 = �JI−,a

�cI−,a
+ jωh1, (31)

�J −

4 = I3 ,a

�cI3
−,a

+ k2n̄s + jωh1, (32)

5 = �

√
2qND(Ea − Efb)

�s
(k2n̄s + jωh1), (33)
)
+ W3

(
W5 +

�JI3−,a

�cI3
−,a

W6 + jωW7

))

6 + jωW7

))
(30)

Fig. 3. Scheme to present the processes of counter electrode.

W6 = �

√
2qND(Ea − Efb)

�s
+ 2k2c̄I3

−,a + jωh2, (34)

W7 = 2k2h1c̄I3
−,a + k2h2n̄s + jωh1h2. (35)

2.3. The model of counter electrode

Fig. 3 shows the theoretical model of the counter electrode.
Although the some mechanisms for the redox reaction of I−/I3−

have been proposed for platinum and carbon counter electrodes
[69,78,110,111], the reactions in Eqs. (1) and (2) are used for the
calculation of the Faradaic impedance in the present study.

2.4. Faradaic Impedance of counter electrode

The mass balances of the concentrations of I− (cI−,c) and I3−

(cI3
−,c) on the counter electrode are as follows.

h3
dcI−,c

dt
= 3k3cI3

−,c − 3k−3c3
I−,c

− JI−,c (36)

dcI3
−,c 3
h3 dt

= −k3cI3
−,c + k−3c

I−,c
− JI3−,c (37)

The h3 is the reacition layer thickness on the counter electrode
and the k3 [cm s−1] and k−3 [cm7 mol−2 s−1] are potential-
dependent rate constants (ki = k′

i exp(biEc)) [112], where Ec is the
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otential of the counter electrode, ki
′

is the rate constant at Ec = 0
nd bi is the Tafel constant.

Since dcI−,c/dt = 0 and dcI3
−,c/dt = 0 at the steady-state, the

ass balances at the steady-state are represented as follows:

k3c̄I3
−,c − 3k−3c̄3

I−,c
+

DI− (c∗
I−,c

− c̄I−,c)

ıc
= 0, (38)

k3c̄I3
−,c + k−3c̄3

I−,c
+

DI3
− (c∗

I3
−,c

− c̄I3
−,c)

ıc
= 0, (39)

here c̄I3
−,c, c̄I−,c are the concentrations of I− and I3−, respectively,

n the counter electrode at the steady-state. From Eqs. (38) and
39), c̄I3

−,c and c̄I−,c are calculated as follows.

¯I−,c =
−2k−3(DI3

− /ıc)2(DI− /ıc) − 2k3k−3(DI3
− /ıc)(DI− /ıc) + 21/3(B1 + B2)2/3

3 × 22/3k−3(DI3
− /ıc)(B1 + B2)1/3

(40)

¯I3
−,c =

2 × 21/3(k−3(DI3
− /ıc)2(DI− /ıc)2 + k3k−3(DI3

− /ıc)(DI− /ıc)2)

18(DI3
− /ıc)2k−3(B1 + B2)1/3

+
(18k−3c∗

I3
−,c

(DI3
− /ıc)2 + 6k−3c∗

I−,c
(DI3

− /ıc)(DI− /ıc))(B1 + B2)1/3

18(DI3
− /ıc)2k−3(B1 + B2)1/3

− 22/3(DI− /ıc)(B1 + B2)1/3

18(DI3
− /ıc)2k−3

(41)

In Eqs. (40) and (41), B1 and B2 are represented as follows.

1 = 9k2
−3c∗

I−,c

(
DI3

−

ıc

)3
DI−

ıc
+ 27k3k2

−3c∗
I3

−,c

(
DI3

−

ıc

)3

+ 9k3k2
−3c∗

I−,c

(
DI3

−

ıc

)2
DI−

ıc
(42)

2 =

√√√√k3
−3

(
DI3

−

ıc

)3
(

4
(

DI−

ıc

)3
(

DI3
−

ıc
+ k3

)3

+ 81
DI3

−

ıc

(
3k3c∗

I3
−

The charge balance of the counter electrode is as below.

= −2F(k3cI3
−,c − k−3c3

I−,c
) (44)

The following equation is derived from Eq. (44) by Taylor series
xpansion:

�cI−,c

�Ec
=

3(k3b3 c̄I3
−,c − k−3b−3 c̄

jω2h2
3 + ωh3(k3 + 9k−3 c̄2

I−,c
+ (�JI−,c/�cI−,c) + (�JI3−,c/�cI3

−,c)

�cI3
−

�Ec
=

(k3b3 c̄I3
−,c − k−3b−3 c̄

jω2h2
3 + ωh3(k3 + 9k−3 c̄2

I−,c
+ (�JI−,c/�cI−,c) + (�JI3−,c/�cI3

−,c)
I = −2F(k3�cI3
−,c + b3k3c̄I3

−,c�Ec − 3k−3c̄2
I−,c�cI−,c

− b−3k−3c̄3
I−,c

�Ec), (45)

here b3 and b−3 are the Tafel constants of k3 and k−3, respectively.
urces 195 (2010) 6905–6923 6911

−
+ c∗

I−,c

DI−

ıc

(
DI3

−

ıc
+ k3

))2

k−3

)
(43)

The Faradaic impedance ZF,c is obtained from the reciprocal of
the admittance �I/�Ec from Eq. (45).

1
ZF,c

= �I

�Ec
= −2F

(
k3

�cI3
−,c

�Ec
+ b3k3c̄I3

−,c

− 3k−3c̄2
I−,c

�cI−,c

�Ec
− b−3k−3c̄3

I−,c

)
(46)

The following equations are derived from Eqs. (36) and (37) by
Fourier transformation and Taylor series expansion.(

jωh3 + 9k−3c̄2
I−,c + �JI−,c

�cI−,c

)
�cI−,c

�Ec
= 3k3

�cI3
−,c

�Ec
− 3b−3k−3c̄3

I−,c

+ 3b3k3c̄I3
−,c (47)

(
jωh3 + k3 +

�JI3−,c

�cI3
−,c

)
cI3

−,c

�Ec
= 3k−3c̄2

I−,c

�cI−,c

�Ec
+ b−3k−3c̄3

I−,c

− b3k3c̄I3
−,c (48)

In addition, the �JI−,c/�cI−,c and �JI3−,c/�cI−,c are calculated
as follows.

�JI−,c

�cI−,c
= −(jωDI− )1/2coth

{
−ıc

(
jω

DI−

)1/2
}

(49)

�JI3−,c

�cI3
−,c

= −(jωDI3
− )1/2coth

{
−ıc

(
jω

DI3
−

)1/2
}

(50)

From Eqs. (47)–(50), �cI−,c/�Ec and �cI3
−,c/�Ec are derived as

follows.
h3 − j(�JI3−,c/�cI3

−,c))

k−3 c̄2
I−,c

(�JI3−,c/�cI3
−,c) + (k3 + (�JI3−,c/�cI3

−,c))(�JI−,c/�cI−,c))
(51)

h3 − j(�JI−,c/�cI−,c))

k−3 c̄2
I−,c

(�JI3−,c/�cI3
−,c) + (k3 + (�JI3−,c/�cI3

−,c))(�JI−,c/�cI−,c))
(52)

The ZF,c are calculated by substituting Eqs. (51) and (52) into Eq.
(46).

2.5. Simulation method

The calculations were performed by mathematical software
Mathematica (Wolfram Research) and Excel 2007 (Microsoft Cor-
poration). The impedance was calculated at 10 frequencies per
decade in the frequency range from 1 mHz to 100 kHz. It is noted
that the impedance above 100 kHz was not calculated since the
values at the computation processes was too large to be calculated
by a personal computer. In addition, the impedance of DSC was
measured below 100 kHz in the papers reported recently [8,9,12].

Therefore, the impedance above 100 kHz was not dealt with in the
present paper.

3. Results and discussion
3.1. Faradaic Impedance and I–Ea curve of photoelectrode

Faradaic impedance of the photoelectrode (ZF,a) was calcu-
lated with Eqs. (14) and (28). In addition, the polarization curve
(I–Ea curve) of the photoelectrode was simulated with Eq. (12).
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ig. 4. (a) Nyquist plot of Faradaic impedance and (b) I–Ea curve of the photoelec-
rode calculated with the parameters in Table 1.

ig. 4 shows the ZF,a and I–Ea curve calculated with the param-
ters in Table 1. Since it is assumed that the Efb is 0 V, the
otential of the photoelectrode is equal to Ea. Faradaic impedance
annot be calculated with Eq. (14) at Ea = Efb since the term

¯ s/2(
√

2qND/�s(Ea − Efb)) in right side in Eq. (14) becomes infin-
ty. Therefore, the DC potential is set at 0.02 V for the Faradaic
mpedance simulation in this section. The Faradaic impedance at
.02 V shown in Fig. 4(a) describes a part of semicircle in the high
requency range and locus of the finite diffusion impedance in the
ow frequency range. The finite diffusion impedance may be related
o the diffusions of I3− and I− and its locus shows straight line of 45

egrees to real axis in the high frequency range and converges on
eal axis in the low frequency range. In I–Ea curve shown in Fig. 4(b),
he current drastically increases with the increase Ea between 0
nd 0.05 V. On the other hand, the current takes constant value
pproximately at higher potential than 0.05 V. This shape of the I–Ea

able 1
he parameters list to calculate Faradaic impedance and I–Ea curve of the photo-
lectrode in Fig. 4.

Parameter Value Ref.

�s [F cm−1] 4.43 × 10−12

DI− [cm2 s−1] 10−5 [25]
DI3

− [cm2 s−1] 10−5 [25]
T [K] 300
c∗

I−,a
[mol cm−3] 5 × 10−4

c∗
I3

−,a
[mol cm−3] 5 × 10−5

G0 [mol cm−2 s−1] 2 × 10−7

De [cm2 s−1] 5 × 10−5 [105]
k1 [cm7 mol−2 s−1] 107

k2 [cm4 mol−1 s−1] 104

ND [cm−3] 1016

ıa [cm] 0.002
n0 [mol cm−2] 10−8

h1,h2 [cm] 10−7
Fig. 5. The schematic illustration of Faradaic impedance spectrum of the photoelec-
trode.

curve shown in Fig. 4(b) is similar to the typical current–potential
curves of the photoelectrode used for DSC [113,114]. The cur-
rent depends on the migration rate of the electrons in the space
charge layer in the low potential region. Since the migration rate
is proportionate to the slope of the Schottky barrier, the current
increases with the increase of Ea in the low potential region. By
contrast, the migration rate is faster than the electron excitation
rate (1 − �)G0, the charge transfer rate v1 and fluxes of I− and I3−,
JI− and JI3− , in the high potential region. In addition, the electron
density in the TiO2 film surface layer ns in the high potential region
is smaller than that in the low potential region. The values of ns

at 0.001 and 0.5 V, calculated by Newton–Raphson method, were
6.90 × 10−8 and 5.19 × 10−9 mol cm−3, respectively. The decrease of
the ns results in the decrease of the back electron transfer reaction
rate. In this case, the current depends on the (1 − �)G0, v1, JI− and
JI3− which are potential-independent parameters. Therefore, the
current takes almost constant values in the high potential region.

Next the authors discuss the Faradaic impedance spectrum of
the photoelectrode shown in Fig. 4(a). Fig. 5 shows the schematic
illustration of typical Faradaic impedance spectrum of the photo-
electrode. The Faradaic impedance, whose locus is semicircle, in the
high frequency range is related to in the multiple electron trans-
fer processes including photoexcitation, charge transfer between I−

and the dye, electron migration in the space charge layer and back
electron transfer. The Faradaic impedance at the high frequency
limit Rh,a can be calculated from Eq. (14) (see Appendix C).

Rh,a = 2
F�n̄s

√
�s(Ea − Efb)

2qND
(53)

A resistance of the intersection point on the real axis in the
middle frequency range Rm,a is calculated as below (see Appendix
C).

Rm,a = 2
F�n̄s

√
�s(Ea − Efb)

2qND
+ Ea − Efb

Fk2c̄I3
−,an̄s

(54)

The Rm,a depends on the parameters related to the multiple
electron transfer processes. The diameter of the semicircle in the
high frequency range can be determined as Ea − Efb/Fk2c̄I3

−,an̄s by
subtracting Rh,a from Rm,a. The time constant of the semicircle in
high frequency range (	h,a, in Fig. 5) is represented as below (see

Appendix C).

	h,a = h2

2k2c̄I3
−,a

(55)

The locus of the impedance in the low frequency range is the
feature of finite diffusion processes of I− and I3−. The resistance at
the low frequency limit Rl,a is represented as below.
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between 100 cm4 mol−1 s−1 and 104 cm4 mol−1 s−1, and the ten-
dency is in good agreement with the second term in right side of
Eq. (54). Contrary to this, the Rm,a increases with the increase of k2
above 105 cm4 mol−1 s−1. Fig. 8(b) and (c) shows the n̄s and c̄I3

−,a
ig. 6. Calculated results of Faradaic impedance of photoelectrode at various Ea (ci
ritten in Table 1.

l,a = 2
F�n̄s

√
�s(Ea − Efb)

2qND
+ Ea − Efb

Fk2c̄I3
−,an̄s

+
9k1c̄2

I−,a
�

2
ıaG0(Ea − Efb)

Fk2c̄I3
−,aDI− n̄s(G0 + 4k1c̄3

I−,a
�)

+ n̄sıa(Ea − Efb)
Fc̄I3

−,aDI3
− n̄s

(56)

The diffusion resistance Rdiff,a is defined as follows.

diff,a = Rl,a − Rm,a (57)

The time constant of the finite diffusion impedance 	l,a is
escribed by following equation [115].

l,a = (ıa)2

DI3
−

(58)

.2. Effects of some parameters on the locus of Faradaic
mpedance of photoelectrode

Faradaic impedance of the photoelectrode is discussed with
hanging in the following parameters, Ea, DI− , DI3

− , k2 and G0. The
ther parameters are shown in Table 1.

The calculated results of ZF,a at various Ea are shown in Fig. 6. The
m,a increases with Ea and this tendency is in good agreement with
q. (54). The Rdiff,a also increases with Ea, indicating that the con-
ribution of diffusion rate becomes significant since the interfacial
eactions are accelerated by the polarization.

Fig. 7(a) shows the Rm,a calculated with Eq. (54) with the vari-
tions of DI3

− and DI− . The Rm,a increases with the increase of DI3
−

hough the Rm,a takes almost constant value with the variation of

I− . Fig. 7(b) shows the Rdiff,a calculated with Eq. (57) with the vari-
tions of DI3

− and DI− . The Rdiff,a decreases with the increases of
oth DI3

− and DI− , and the slope of decrease is large in the case
f the increase of DI3

− . Meanwhile, the change in the Rdiff,a is very

mall with the variation of DI3

− . In general, the initial concentra-
ion of I− is higher than that of I3− in the DSC [25] since I3− causes
he back electron transfer reaction. The authors set that c∗

I− is 10
imes larger than c∗

I3
− . In this case, the finite diffusion impedance is

overned by JI3− .
.02 V; square: 0.1 V; triangle: 0.5 V). The parameter values for the calculations are

Fig. 8(a) shows the Rm,a calculated with Eq. (54) with the vari-
ation of k2. The Rm,a decreases with the increase of k2 in the range
Fig. 7. Influences of diffusion coefficients on Rm,a and Rdiff,a. The curves indicated
by (1) and (2) are the results with the variations of DI3

− and DI− , respectively. The
parameter values excepting DI3

− and DI− for the calculations are written in Table 1.
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Fig. 9. Influence of G0 on (1) Rm,a and (2) Rdiff,a. The parameter values excepting G0

for the calculations are written in Table 1.

Fig. 10. Calculated results of I–Ea curves of photoelectrode with various G0 (the solid

indicates that the back reaction inhibits the increase of I3 concen-
tration on photoelectrode and electrode condition does not reach
to the diffusion control.
ig. 8. Influence of k2 on (a) Rm,a, (b) ns and (c) c̄I3
−,c. The parameter values excepting

2 for the calculations are written in Table 1.

ith the variation of the k2. Because both n̄s and c̄I3
−,a decrease with

he k2, the Rm,a calculated with Eq. (54) increases with k2 above
05 cm4 mol−1 s−1. These results indicate that the Rm,a depends on
he k2 and take minimum value with the variation of the k2.

Fig. 9 shows the Rm,a and Rdiff,a calculated with Eqs. (54)
nd (57) with the variations of G0. The Rm,a decreases with G0
elow 10−6 mol cm−2 s−1 and takes almost constant value above
0−5 mol cm−2 s−1. This result means that the interfacial reactions
etermine the total charge transfer rate of photoelectrode when G0
akes relatively small value. On the other hand, Rdiff,a increases with
0 above 10−5 mol cm−2 s−1. This result indicates that the diffu-
ion process determines the total rate in the case of high interfacial
eaction rate.

.3. Effects of some parameters on I–Ea curve of photoelectrode
The calculated results of I–Ea curves with the variation of G0
re shown in Fig. 10. The current increases abruptly with Ea below
bout 0.05 V and becomes the limiting current region above about
.05 V. The current becomes large depending on the value of G0

n all potential regions. For example, the limiting current is about
line: 2 × 10−7 mol cm−2 s−1, the gray line: 6 × 10−7 mol cm−2 s−1 and the dashed line:
2 × 10−5 mol cm−2 s−1). The parameter values excepting G0 for the calculations are
written in Table 1.

140 mA cm−2 when G0 = 2 × 10−5 mol cm−2 s−1. This current value
is equal to the diffusion limiting current of I− estimated by the JI−
at the steady-state (= DI(c∗

I− − c̄I− )/ıa). When the G0 is sufficiently
larger than JI3−,a and JI−,a, the I-Ea curves is governed by the diffu-
sion of I−. The calculated results of I–Ea curves with the variation
of k2 are shown in Fig. 11. The slope of current increase in the
low potential region decreases with the increase of k2. This result

−

Fig. 11. Calculated results of I–Ea curves of photoelectrode with various k2 (the
solid line: 104 cm4 mol−1 s−1, the gray line: 5 × 105 cm4 mol−1 s−1 and the dashed
line: 106 cm4 mol−1 s−1). The parameter values excepting k2 for the calculations are
written in Table 1.
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Fig. 13. (a) Nyquist plots of Faradaic impedance at various ıc (circle: 2 × 10−3 cm;
ig. 12. (a) Nyquist plot of Faradaic impedance and (b) I–Ec curve of the counter
lectrode calculated with the parameters in Table 2.

.4. Faradaic Impedance and I–Ec curve of counter electrode

Fig. 12(a) shows Faradaic impedance of the counter electrode
ZF,c) calculated with Eqs. (46), (51) and (52). Table 2 shows the
imulation parameters for ZF,c. The DC potential of the counter elec-
rode is set at Eeq-20 mV (represented as Eeq-20) in the Faradaic
mpedance simulation where Eeq is the equilibrium potential at
= 0 A in the I–Ec curve. The ZF,c shows the locus of the finite
iffusion impedance. The resistances in high and low frequency

imits are represented as the symbols Rh,c and Rl,c, respectively, in
ig. 12(a). The Rh,c and Rdiff,c are derived from Eq. (46) as follows.

h,c = 1

2F(−b3k3c̄I3
−,c + b−3k−3c̄3

I−,c
)

(59)
l,c =
1 + ıc((1/DI3

− )k3 + (9/DI− )k−3c̄2
I−,c

)

2F(−b3k3c̄I3
−,c + b−3k−3c̄3

I−,c
)

(60)

Table 2
The parameters list to calculate Faradaic impedance and I–Ec

curve of the counter electrode in Fig. 12.

Parameter Value

DI− [cm2 s−1] 10−5

DI3
− [cm2 s−1] 10−5

c∗
I−,a

[mol cm−3] 5 × 10−4

c∗
I3

−,a
[mol cm−3] 5 × 10−5

ıc [cm] 0.002
k3

′ [cm s−1] 0.01
k−3

′ [cm7 mol−2 s−1] 0.01
b3 [V−1] −40
b−3 [V−1] 40
h3 [cm] 10−7
square: 3 × 10−3 cm; triangle: 4 × 10−3 cm) and (b) I–Ec curves at various ıc (the
solid line: 2 × 10−3 cm, the gray line: 3 × 10−3 cm and the dashed line: 4 × 10−3 cm)
of the counter electrode. The parameter values excepting ıc for the calculations are
written in Table 2.

In addition, the diffusion resistance of the counter electrode
Rdiff,c can be obtained by subtracting Rh,c from Rl,c.

Rdiff,c =
ıc((1/DI3

− )k3 + (9/DI− )k−3c̄2
I−,c

)

2F(−b3k3c̄I3
−,c + b−3k−3c̄3

I−,c
)

(61)

Fig. 12(b) shows the I–Ec curve calculated with the parameters
in Table 2. The absolute value of current increases under charge
transfer control at low overvoltage and takes almost constant value
under diffusion limiting control at high overvoltage.

Fig. 13 shows the calculated results of ZF,c and I–Ec curves with
the variation of ıc. The Rdiff,c increases with the increase of ıc since
the fluxes of I− and I3− decrease with the increase of ıc. This result
is in good agreement with Eq. (61). In Fig. 13(b), the diffusion
limiting current is observed in the high overvoltage region. The
diffusion limiting current decreases with the increase of ıc since
the diffusion-limited current is inversely proportionate to ıc.

Fig. 14(a) shows the Rh,c calculated with Eq. (59) with the vari-
ations of DI3

− and DI− . Beside, Fig. 14(c) and (d) shows the c̄I3
−,c

and c̄I−,c, respectively, calculated with the variations of DI3
− and

DI− . The Rh,c decreases with the increase of DI3
− because the c̄I3

−,c
increases with the increase of DI3

− . On the other hand, the Rh,c
increases with increase of DI− . Fig. 14(b) shows the Rdiff,c calcu-
lated with Eq. (59) with the variations of DI3

− and DI− .The Rdiff,c
decreases with the increase of both DI3

− and DI− . This result indi-
cates that both diffusion processes contribute to the reduction on
the counter electrode.
3.5. I–V curve of DSC

When the current I flows through the DSC, the absolute value
of the anodic current of the photoelectrode is equal to that of the
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Fig. 14. Influences of diffusion coefficients on (a) Rm,c, (b) Rdiff,a, (c) c̄I3
−,c and (d) c̄I−,c.

The curves indicated by (1) and (2) are the results with the variations of D − and
D
a

c
t
t
o
r
c
i

�

I3

I− , respectively. The parameter values excepting DI3
− and DI− for the calculations

re written in Table 2.

athodic current of the counter electrode. The anodic current of
he photoelectrode and the cathodic current of the counter elec-
rode can be calculated by Eqs. (12) and (44), respectively. The
vervoltages of the photoelectrode and the counter electrode are
epresented as �a(I) and �c(I), respectively. In the present paper, �a

an be regarded as the potential of the photoelectrode (Ea). The �c
s calculated by the following equation:

c = Ec − Eeq, (62)
Fig. 15. (a) I–�a curve of photoelectrode, (b) I–�c curve of counter electrode and (c)
I–V curve of DSC calculated with the parameters in Table 3.

where Eeq is the equilibrium potential of the counter electrode at
I = 0 A in I–Ec curve.The voltage of the DSC is symbolized as V(I). The
V(I) is calculated by following equation:

V(I) = Voc − (�a(I) − �c(−I) − RsI), (63)

where Rs is the total resistance of the substrate and solution. In
addition, the open circuit voltage Voc must be determined in order
to simulate the I–V curves. The theoretical equation of Voc was
reported by Koelsh et al. [116] as below:

Voc = RT

F
ln

{
(1 − �̄)G0

k2c̄I3
− N0

}
, (64)

where N0 is the electron density in the TiO2 film surface when
Voc = 0, T is the absolute temperature and R is the gas constant. In
addition, the I–V curves are calculated under following assumptions
in this section.

(A) ıa = ıc

(B) The thickness of the cell = ıa + ıc

(C) DI− = DI3
−

(D) c∗
I−,a

= c∗
I−,c

and c∗
I3

−,a
= c∗

I3
−,c
Fig. 15 shows the I–�a curve of the photoelectrode, I–�c curve
of the counter electrode and I–V curve of the DSC. The parame-
ter values for the calculation in Fig. 15 are shown in Table 3. In
the I–�a curve shown in Fig. 15(a), the anodic current increases
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Table 3
The parameters list to calculate impedance, I–�a, I–�c and I–V curves in
Figs. 15, 17 and 21.

Parameter Value Ref.

�s [F cm−1] 4.43 × 10−12

DI− [cm2 s−1] 10−5 [25]
DI3

− [cm2 s−1] 10−5 [25]
T [K] 300
c∗

I−,a
[mol cm−3] 3 × 10−4

c∗
I3

−,a
[mol cm−3] 3 × 10−5

G0 [mol cm−2 s−1] 2 × 10−7

De [cm2 s−1] 5 × 10−5 [105]
k1 [cm7 mol−2 s−1] 109

k2 [cm4 mol−1 s−1] 105

ND [cm−3] 1016

ıa [cm] 0.002
n0 [mol cm−2] 10−8

h1,h2 [cm] 10−7

c∗
I−,c

[mol cm−3] 3 × 10−4

c∗
I3

−,c
[mol cm−3] 3 × 10−5

ıc [cm] 0.002
k3

′ [cm s−1] 10
k−3

′ [cm7 mol−2 s−1] 10
b3 [V−1] −40
b−3 [V−1] 40
h3 [cm] 10−7
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Fig. 16. The equivalent circuit of DSC with Faradaic impedance. Rs is total resis-

350 to 900 nm, G0 is calculated as 2.7 × 10 mol cm s assum-
ing that ˛abs(�) = 103 cm−1, � = 1 and h2 = 10−7 cm. The G0 is set to
2.0 × 10−7 mol cm−2 s−1 for the light intensity of 100 mW cm−2 for
the calculations in Fig. 15, and the energy conversion efficiency can
be estimated as 8.0% for the I–V curve in Fig. 15(c). In addition, the
Rs [� cm ] 1
N0 [mol cm−3] 10−20

Cdl,a [F cm−2] 5 × 10−3

Cdl,c [F cm−2] 10−4

n the low overpotential region and takes nearly constant value
about 15 mA cm−2) in the high overpotential region. Fig. 15(b)
hows the I–�c curve calculated with Eq. (44) while substituting

¯I−,c in Eq. (40) and c̄I3
−,c in Eq. (41) into cI−,c and cI3

−,c, respectively,
n Eq. (44). In I–�c curve, the cathodic current sharply increases
n the low overpotential region and takes constant value (about
8 mA cm−2) in the high overpotential region. The sufficiently large
alue of k3 is selected to simulate the electrochemical nature of
he counter electrode with high catalytic performance in Fig. 15(b).
ig. 15(c) shows the I–V curve of the DSC calculated with Eq. (63)
rom the results in Fig. 15(a) and (b). The general shape of I–V
urve for DSC could be simulated in Fig. 15(c). In addition, it is
ound that I–V curve has left–right symmetry against the I-�a curve
nd that the shape of I–V curve is governed by the performance of
hotoelectrode.

The electrical energy conversion efficiency and fill factor can
e calculated from the I–V curve. In order to calculate the
lectrical energy conversion efficiency, the relation between G0
nd light intensity must be estimated. The light intensity at
single wavelength � of the photon (I0(�)) is represented as

ollows:

0(�) =
(

Es(�)
E�NA

)
, (65)

� = h
c0

�
, (66)

here h is the Planck constant, c0 is the light speed, NA is Avogadro’s
umber, Es(�) is the light intensity at � under the reference solar
pectral irradiance and E� is the energy per one photon at �. The
0 can be calculated by the integration of Eq. (65) with following
quation:

0 = h2�

∫ �2

˛abs(�)I0(�)d�, (67)

�1

here � is the effective permeability of light of the photoelec-
rode and ˛abs(�) is the absorption coefficient of the dye at �.
he total light intensity is assumed as 100 mW cm−2. For example,
hen the DSC generates the electricity by the light irradiation from
tance of the substrate and solution. ZF,a and ZF,c are the Faradaic impedance of
the photoelectrode and the counter electrode, respectively. Cdl,a and Cdl,c are the
electric double layer capacitance of the photoelectrode and the counter electrode,
respectively.

−7 −2 −1
Fig. 17. Impedance spectra of (a) photoelectrode, (b) counter electrode and (c) DSC
calculated with the parameters in Table 3. Rs is 1 �. Procedure to decide the over-
voltages of photoelectrode and counter electrode are as follows: (1) a current of I–V
curve in Fig. 15(c) was decided at V = Voc − 0.02 V, (2) the �a(I) of photoelectrode was
decided by I–�a in Fig. 15(a) at I by (1), and (3) the �c(I) of counter electrode was
decided by I–�a in Fig. 15(b) at the absolute value of I by (1).
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ll factor estimated by the geometry of I–V curve in Fig. 15(c) is
.66.

.6. Cell impedance obtained from Faradaic impedance

Fig. 16 shows the equivalent circuit of the cell impedance ZDSC
roposed in the present The equivalent circuit in Fig. 16 is com-
osed of the five parameters as follows: total resistance of the
ubstrate and solution (Rs), the Faradaic impedance of the photo-
lectrode (ZF,a) and the counter electrode (ZF,c), the electric double
ayer capacitance of the photoelectrode (Cdl,a) and the counter elec-
rode (Cdl,c).

The following equations allow the impedance of the photoelec-
rode Za and the counter electrode Zc.

a = ZF,a

jωZF,aCdl,a + 1
(68)

c = ZF,c

jωZF,cCdl,c + 1
(69)

The cell impedance ZDSC can be calculated according to the
quivalent circuit in Fig. 16 as below.

DSC = Za + Zc + Rs (70)

If AC voltage is imposed to the DSC at Voc, the cell voltage exceeds
he Voc alternately, resulting in the reverse current through the cell.
n the practical experiment, the smaller DC voltage than Voc should
e used to measure the impedance of DSC to avoid the alternate
everse current. Thus the DC voltage is set to Voc-20 mV (repre-
ented as Voc-20) for the simulations in Figs. 17 and 20.

Fig. 17 shows the Nyquist plots of the Za, Zc and ZDSC at Voc-20 cal-

ulated by using the parameters shown in Table 3. The impedance
is represented by real part Z′ and imaginary part Z′′ with the rela-

ion of Z = Z′ − jZ′′. In Fig. 17(a), Za describes locus of semicircle in
he high frequency range and locus of a portion of finite diffusion
mpedance in the low frequency range. In Fig. 17(b), the Zc describes

Fig. 18. The schematic illustrations to present the relations b
urces 195 (2010) 6905–6923

locus of semicircle in the high range and locus of the finite diffusion
impedance in the low frequency range. In Fig. 17(c), ZDSC describes
three semicircles on the Nyquist plane. The impedance spectrum
of ZDSC is in good agreement with that of the typical experimental
results reported previously [9,18].

Fig. 18 shows the schematic illustrations of the relations of
equivalent circuits and impedance spectra. The shapes of the
impedance spectra shown in Fig. 17 are discussed by relating to the
schematic illustrations shown in Fig. 18. Concerning the impedance
of photoelectrode, almost all the current passes through only Cdl,a
above 10 kHz since the capacitive reactance (1/ωCdl,a) due to Cdl,a
is quite small in comparison with ZF,a in the high frequency range.
Therefore, the Za converges at origin of Nyquist plane above 1 kHz.
The Za describes semicircle and finite diffusion impedance, how-
ever the boundary between two loci is not clear. The time constant
of the semicircle 	semi,a in Fig. 18 is calculated as follows.

	semi,a = Rm,aCdl,a (72)

The semicircle of Za is different from the portion of semicircle
of ZF,a. The portion of ZF,a is hided by the semicircle of Za because
the �h,a in Eq. (55) is much smaller than 	semi,a. On the other hand,
the time constant of the finite diffusion impedance 	l,a in Fig. 18
is represented by Eq. (58). In Fig. 17(a), 	semi,a and 	l,a are calcu-
lated as 0.013 s and 0.4 s, respectively. Since the difference between
	semi,a and 	l,a is small, the loci of the semicircle and the diffusion
impedance of Za are not separated clearly. The diameter of semicir-
cle of Za is Rm,a, and Rm,a can be interpreted by the charge transfer
resistance of the photoelectrode.
The semicircle of Zc in Fig. 17(b) is related to Rh,c and Cdl,c. The
time constant of the semicircle 	semi,c is represented as below.

	semi,c = Rh,cCdl,c (73)

etween the equivalent circuits and impedance spectra.
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Fig. 19. (a) I–� curve of photoelectrode, (b) I–� curve of counter electrode and (c)
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The time constant of the finite diffusion impedance (	l,c) is
escribed by following equation.

l,c = (ıc)2

DI3
−

(74)

The 	semi,c and 	l,c are calculated as 2.2 × 10−5 and 0.4 s, respec-
ively, in Fig. 17(b). Since the 	semi,c is sufficiently different from
hat of 	l,c, the loci of the semicircle and that of the finite diffusion
mpedance are separated clearly.

The spectrum of ZDSC is sum of those of Za, Zc and Rs. The order of
ime constant is 	l,a = 	l,c > 	semi,a > 	semi,c in Fig. 17. Thus, the semi-
ircles in the high frequency range are attributed to Rh,c and Cdl,c.
he semicircle in the middle frequency range is attributed to Rm,a

nd Cdl,a. From these results, the following relations are obtained
y comparing the equivalent circuit in Fig. 16 with that in Fig. 1(a).

ct,1 = Rh,c = 1

2F(−b3k3c̄I3
−,c + b−3k−3c̄3

I−,c
)

(75)

ct,2 = Rm,a = 2
F�n̄s

√
�s(Ea − Efb)

2qND
+ Ea − Efb

Fk2c̄I3
−,an̄s

(76)

In the present study, the physical meanings of Rct,1 and Rct,2
an be discussed by the interpretations of Faradaic impedance. The
ct,1 is represented as the function of the potential-dependent rate
onstants of I3− reduction and I− oxidation. On the other hand,
he Rct,2 is the function of the photoelectrode potential, the surface
oncentration of I3− and the potential-independent rate constant
f the back electron transfer reaction.

The impedance in the low frequency range is due to the sum
f the finite diffusion impedance of the photoelectrode and the
ounter electrode since 	l,a = 	l,c. In the case of the typical equiva-
ent circuit shown in Fig. 1(a), it has been considered that the finite
iffusion impedance Zw is due to the diffusion of I3− on the counter
lectrode [34,35]. However, it can be proved that the semicircle of
DSC in the low frequency range is attributed to the diffusion of I3−

n the both photoelectrode and counter electrode. The following
elation regarding the diffusion resistance of ZDSC (Zw (ω → 0 s−1))
s derived by comparing the equivalent circuits shown in Fig. 1(a)
nd Fig. 16.

w(ω → 0 s−1) = Rdiff,a + Rdiff,c (77)

The Rdiff,a is estimated about 0.3 � in Fig. 17(a). Meanwhile, the
diff,c is about 0.9 � in Fig. 17(b). Therefore, the contribution ratio
f the photoelectrode and counter electrode to Zw (ω → 0 s−1) is
stimated as 1:3, respectively, in Fig. 17(c).

.7. Relation between impedance and I–V curve

The relations between the I–V curve in Fig. 15(c) and the
mpedance spectrum in Fig. 16(c) is discussed firstly in this sec-
ion. The polarization resistance Rp is defined by the low frequency
imit of ZDSC, and Rp is represented as below.

p = Rs + Rl,c + Rl,a (78)

Beside, the Rp is equal to the reciprocal of the I–V curve gra-
ient. The performance of the DSC is improved by increasing the
ll factor. It is generally considered that the fill factor increases
ith the increase of the I–V curve gradient at nearly Voc. Thus, it

s important for the improvement of the performance of the DSC

o decrease the Rp. In Fig. 17(c), the value of Rp depends on Rm,a

ignificantly because the parameters are selected to simulate high
erfprmance counter electrode. The Rm,a is the function of the pho-
oelectrode potential Ea, the surface concentration of I3− cI3

− and
he potential-independent rate constant of the back electron trans-
a c

I–V curve of DSC calculated with the parameters in Table 3 excepting k3
′ and b3. The

k3
′ and b3 are 10−4 cm s−1 and −10 V−1, respectively.

fer reaction k2. For example in Fig. 8, the Rm,a increases with the
increase of k2 above 105 cm4 mol−1 s−1.

The relation between I–V curve and impedance spectra of the
DSC is discussed in the case that the performance of the counter
electrode are lower than that in Figs. 15 and 17. For example, a
carbon electrode has less catalytic ability than a platinum elec-
trode generally. Fig. 19 shows the I–�a curve, I–�c curve and I–V
curve in this case. The I–�a curve in Fig. 19(a) is same as that
in Fig. 15(a) since it is calculated by using the same parameters
for photoelectrode in Table 3. The gradient of the I–�c curve in
Fig. 19(b) is small in the low overvoltage region comparing with
that in Fig. 15(b), since the cathodic current in the low overvoltage
region is related to k3 that is the potential-dependent parame-
ter. Therefore, it is considered that the shape of the I–V curves is
governed by the performance of the counter electrode in the low
overvoltage region. Meanwhile, the absolute value of current of
the counter electrode in Fig. 19(b) is larger than that of the pho-
toelectrode in Fig. 19(a) in the high overvoltage. Fig. 19(c) shows
the I–V curve calculated with Eq. (63) from the results in Fig. 19(a)
and (b). The shape of the I–V curves is governed by the shape
of the counter electrode in this case. The shape of the I–V curve
in Fig. 19(c) have been observed at the DSC in which alternative

counter electrodes was used instead of Pt [117]. The energy conver-
sion efficiency and fill factor of the DSC in Fig. 19(c) are estimated
as 0.32 and 3.5%, respectively. The Nyquist plots of the Za and Zc

are shown in Fig. 20(a) and (b). Fig. 20(c) shows the Nyquist plot of
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Fig. 20. Impedance spectra of (a) photoelectrode, (b) counter electrode and (c) DSC
calculated with the parameters in Table 3 excepting k3

′ and b3. The k3
′ and b3 are

10−4 cm s−1 and −10 V−1, respectively. Rs is 1 �. Procedure to decide the overvolt-
ages of photoelectrode and counter electrode are as follows: (1) a current of I–V
c
w
w

t
r
a
m
e

o
r
a
t
s
t
t
b
i

Integration of Eq. (A-1) and the boundary condition (A-2) give
urve in Fig. 19(c) was decided at V = Voc − 0.02 V, (2) the �a(I) of photoelectrode
as decided by I–�a in Fig. 19(a) at I by (1), and (3) the �c(I) of counter electrode
as decided by I–�a in Fig. 19(b) at the absolute value of I by (1).

he ZDSC at Voc-20. The Za is much smaller than Zc in all frequency
ange. Therefore, the ZDSC is nearly identical to that of Zc. Rp is
lmost equal to Rl,c of the counter electrode. In this case, the perfor-
ance of the DSC cell is governed by the performance of the counter

lectrode.
Fig. 21 shows the I–V curves with the variation of Rs. The gradient

f I–V curve increases with the increase of Rs in the low overvoltage
egion. The fill factors are estimated as 0.68 at 0 �, 0.62 at 5 �, 0.56
t 10 � and 0.29 at 50 �. As above-mentioned, the reciprocal of
he I–V curve gradient at Voc is equal to Rp. The Rp depends on Rs

ignificantly when Rs is much larger than Rl,c and Rl,a. In the case

hat Rs = 50 �, the shape of I–V curve is close to the linear since
he I–V curves is governed by Ohm’s law. From these results, it can
e concluded that decrease of Rs is very important factor for the

mprovement of the DSC performance.
Fig. 21. The influence of the Rs on I–V curves of DSC calculated with the parameters
in Table 3.

4. Conclusions

The theoretical equations of the Faradaic impedance of the
photoelectrode and the counter electrode of dye-sensitized solar
cell (DSC) were derived. The relation of the cell impedance and
the current–voltage (I–V) curve was discussed. The typical cell
impedance spectrum describes three semicircles which is gener-
ally analyzed by using the equivalent circuit composed of charge
transfer resistance (Rct,1) and capacitance (Cdl,1) of counter elec-
trode, charge transfer resistance (Rct,2) and capacitance (Cdl,2) of
photoelectrode, the finite diffusion impedance due to the diffusion
of I3− on the counter electrode (Zw), and total resistance of the sub-
strate and solution (Rs). In the present study, the physical meanings
of Rct,1 and Rct,2 can be elucidated by the interpretations of Faradaic
impedance as follows.

Rct,1 = 1

2F(−b3k3c̄I3
−,c + b−3k−3c̄3

I−,c
)

Rct,2 = 2
F�n̄s

√
�s(Ea − Efb)

2qND
+ Ea − Efb

Fk2c̄I3
−,an̄s

In addition, it is proved that the finite diffusion impedance Zw

in the low frequency range is attributed to the diffusion of I3− on
the both photoelectrode and counter electrode.

Appendix A.

Poisson’s equation is written as below, considering that the
charge of qNDW exists in the space charge layer (0 < x < W).

∂2�

∂x2
= −qND

�s
(A-1)

In Eq. (A-1), � is the potential at the position x. Three boundary
conditions are as follows.

∂�

∂x

∣∣∣∣
x=W

= 0 (A-2)

�(0) = Efb (A-3)

�(W) = Ea (A-4)
the following equation.

∂�

∂x

∣∣∣∣
x=W

= −qND

�s
x + qND

�s
W = 0 (A-5)
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Furthermore, integration of Eq. (A-5) and the boundary condi-
ion (A-3) give the following equation.

= −qND

2�s
x2 + qND

�s
Wx + Efb (A-6)

From the boundary condition (A-4):

(W) = qND

2�s
W2 + Efb = Ea. (A-7)

Transformation of Eq. (A-7) allows the expression of W as below.

=
√

2�s(Ea − Efb)
qND

(A-8)

The electric field �E at x = 0 is represented as below.

�E = ∂�

∂x

∣∣∣∣
x=0

= qND

�s
W (A-9)

Thus Eq. (7) can be obtained by substituting Eq. (A-8) into Eq.
A-9).

� =
√

2qND(Ea − Efb)
�s

(7)

ppendix B.

Newton–Raphson method is used to analyze nonlinear partial
ifferential equations. This method assumes the function f(x) to

ave a continuous first derivative near x = xn .With x0 as the initial
uess, x1 is calculated from Eq. (B-1).

1 = x0 − f (x0)
f ′(x0)

(B-1)

The process is repeated until a sufficiently accurate value is
eached.

k+1 = xk − f (xk)
f ′(xk)

(B-2)

The relation among the parameters in Eq. (2) is described in
ig. A1. When the calculation is repeated n times, the approximate
olution (xn) can be calculated.

In the present paper, the approximate values of the c̄I3
−,a c̄I−,a,

and ns are estimated from the following four equations by using
he Newton–Raphson method.

1(c̄I−,a, c̄I3
−,a�, n̄s) = −3k1c̄3

I−,a
�

2 + 3k2n̄sc̄I3
−,a +

DI− (c∗
I−,a

− c̄I−,a)

ıa

(8′)

J =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂f1
∂c̄I− ,a

∂f1
∂c̄I3

− ,a

∂f1

∂�

∂f1
∂ns

∂f2
∂c̄I− ,a

∂f2
∂c̄I3

− ,a

∂f2

∂�

∂f2
∂ns

∂f3
∂c̄I− ,a

∂f3
∂c̄I3

− ,a

∂f3

∂�

∂f3
∂ns

∂f4
∂c̄I− ,a

∂f4
∂c̄I3

− ,a

∂f4

∂�

∂f4
∂ns

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−9k1c̄2
I−,a

�̄2 − DI−

ıa

3k1c̄2
I−,a

�̄2 −k2

−6k1c̄2
I−,a

�̄2

0 −
2(c̄I−,a, c̄I3
−,a�, n̄s) = k1c̄3

I−,a
�

2 − k2n̄sc̄I3
−,a +

DI3
− (c∗

I3
−,a

− c̄I3
−,a)

ıa

(9′)
Fig. A1. The model of Newton’s method.

f3(c̄I−,a, c̄I3
−,a�, n̄s) = (1 − �)G0 − 2k1c̄3

I−,a
�

2
(10′)

f4(c̄I−,a, c̄I3
−,a�, n̄s)

= (1 − �)G0 − 2k2n̄sc̄I3
−,a − n̄s�

√
2qND(Ea − Efb)

�s
(11′)

Jacobian determinant which is derived from four equations is
shown as follows:

s −6k1c̄3
I−,a

�̄ 3k2c̄I3
−,a

DI3
−

ıa
2k1c̄3

I−,a
�̄ −k2c̄I3

−,a

−4k1c̄3
I−,a

�̄ − G0 0

n̄s −G0 −2k2c̄I3
−,a − �

√
2qND(Ea − Efb)

�s

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(B-3)

The approximate values of the c̄I3
−,a, c̄I−,a, � and n̄s can be cal-

culated by Eq. (B-4).⎡
⎢⎢⎢⎣

c̄I−,a

c̄I3
−,a

�

n̄s

⎤
⎥⎥⎥⎦

k+1

=

⎡
⎢⎢⎢⎣

c̄I−,a

c̄I3
−,a

�

n̄s

⎤
⎥⎥⎥⎦

k

− J−1

⎡
⎢⎢⎢⎢⎣

f1(c̄I−,a, c̄I3
−,a�, n̄s)

f2(c̄I−,a, c̄I3
−,a�, n̄s)

f3(c̄I−,a, c̄I3
−,a�, n̄s)

f4(c̄I−,a, c̄I3
−,a�, n̄s)

⎤
⎥⎥⎥⎥⎦ (B-4)

This trial was repeated twenty times by using the Microsoft
Excel. When the calculated values of c̄I3

−,a, c̄I−,a, � and ns are sub-
stituted in the four equations, the value of every right-hand side of
Eqs. (8)′–(11)′ takes under 10−22 (= approximately 0). As the result,
approximate values of the c̄I3

−,a, c̄I−,a, � and ns can be obtained.

Appendix C.

Eqs. (26) and (27) can be presented by Eqs. (C-1) and (C-2)
assuming that ω → ∞ s−1 in the high frequency region.

�cI−,a

�JI−,a
→ 0 s cm−1 at ω → ∞ s−1 (C-1)
�cI3
−,a

�JI3−,a
→ 0 s cm−1 at ω → ∞ s−1 (C-2)

Eqs. (C-1) and (C-2) mean that the concentrations of I− and I3− on
the photoelectrode don’t modulate by the influence of the imposed
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C signal in the high frequency range. Eq. (28) can be written by
he simple form as below by substituting Eqs. (C-1) and (C-2).

�ns

�Ea
= − �n̄s

√
2qND/�s(Ea − Efb)

2(2k2c̄I3
−,a + jωh2 + �

√
2qND(Ea − Efb)/�s)

(C-3)

Furthermore, the semicircle of ZF,a in the high frequency range
ZF,a,h) can be obtained by substituting Eq. (C-3) into Eq. (14) as
elow.

F,a,h = 2
F�n̄s

√
�s(Ea − Efb)

2qND
+

(Ea − Efb)/Fk2c̄I3
−,an̄s

jω(h2/2k2c̄I3
−,a) + 1

(C-4)

The time constant of the semicircle presented by Eq. (C-4) is:

h,a = h2

2k2c̄I3
−,a

. (55)

Moreover, the high and low frequency limits of ZF,a,h are written
s follows.

h,a = 2
F�n̄s

√
�s(Ea − Efb)

2qND
(53)

m,a = 2
F�n̄s

√
�s(Ea − Efb)

2qND
+ Ea − Efb

Fk2c̄I3
−,an̄s

(54)
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